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Abstract We present a Wilson Loop evaluation of the binding energy of electric static
charges in A.M. Polyakov’s Compact QED in R4 through path integrals.

Keywords Wilson loops · Compact QED

1 Introduction

It has been argued by A.M. Polyakov [1] that the presence of monopoles excitations in the
vacuum of Compact Quantum Electrodynamics is the main fact responsible for the confine-
ment or screening of the electric charge of the electron excitations.

In this short note, we intend to show such result by elementary manipulations with
abelian Wilson loops path integrals in the framework of dimensional regularization and
Polyakov’s proposal for phenomenologically represent the dynamics of the theory’s mono-
pole condensates through an effective dynamics of a low-energy rank-two antisymmetric
tensor field [2] (see Appendix for some comments).

Let us thus start our analyzes by recalling the Polyakov’s propose to represent the com-
pact QED monopole dynamics by means of the path integral for a rank-two antisymmetric
tensor field [2]

Z =
∫

DF [Bμν] exp

{
− 1

4e2

∫
d4x

[
B2

μν + dB arsen

(
dB

m2

)
+ m2

√
1 −

(
dB

m2

)2]
(x)

}

low-energy∼
∫

DF [Bμν] exp

{
− 1

4e2

∫
d4x(Bμν[−(∂2) + m2]Bμν)(x)

}
(1)

where m2 is a dimensional transmutation parameter which is (phenomenologically) signal-
ing the energy scale where theory’s non-perturbative effects are expected to be relevant.
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In order to consider the presence of the electromagnetic field dynamics we consider an
interaction with the electromagnetic field proposed as in [3]. Namely

Z =
∫

DF [Bμν]DF [Aμ]δ(∂μAμ) exp

(
− 1

4e2

∫
d4xF 2

μν(A)(x)

)

× exp

(
− 1

4e2

∫
d4x(Bμν[−(∂2) + m2]Bμν)(x)

)

× exp

(
θ

∫
d4x(B∗

μνF
μν(A))(x)

)
. (2)

Let us show the electric charge confinement in the effective theory as described by the
path integral (2) under the constraint of the fine tunning value θ = |m|.

In order to analyze such phenomenon, we consider the binding energy between two prob-
ing electric static charges with opposite charge’s signal with a space-time trajectory descrip-
tion C(R,T ), the loop boundary of the rectangle S(R,T ) = {− T

2 ≤ x0 ≤ + T
2 ; −R

2 ≤ x1 ≤ +R
2 }.

We have thus the standard result for this binding energy in terms of the gauge invariant
Wilson loop

Ebin(R) = lim
T →∞

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

− 1

T
lg

W [C(R,T )]︷ ︸︸ ︷〈
exp

(
i

∫
C(R,T )

Aμ(Xα(s))dXμ(s)

)〉
⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(3)

where the euclidean path integral average, normalized to unity, is defined by (2). After re-
alizing the Bμν(x) Gaussian path integral, we arrive at the effective U(1)-invariant path
integral result for the Wilson Loop observable inside (3).

〈W [C(R,T )]〉 =
∫

DF [Aμ]δ(F)(∂μAμ)

× exp

{
− 1

2e2

∫
d4xd4yAμ(x)[(−∂2)xδ

(4)(x − y)

− θ2(−∂2)x(−∂2
x + m2)−1(x, y)]Aμ(y)

}

× exp

(
i

∫
C(R,T )

Aμ(Xα(s))dXμ(s)

)
. (4)

The searched binding energy takes thus the simple form in a dimensional regularized
integral-distributional form

Ebin(R) = lim
T →∞

{
−e2

T

∫
dνk

(2π)ν
fμ(k,C(R,T ))D(k2)f μ(−k,C(R,T ))

}
(5)

with the rectangle form factors [4]

fμ(k,C(R,T )) =
∮

C(R,T )

e−i(k0x0(s)+k1x1(s)) dxμ(s)

ds
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=
∫∫

S(R,T )

εμν

[
∂

∂xν

(e−ikαxα )

]
d2xα

=
{

− 4
k0

sin(
k0T

2 ) sin(
k1R

2 ), for μ = 0,

+ 4
k1

sin(
k0T

2 ) sin(
k1R

2 ), for μ = 1.
(6)

The effective electromagnetic propagator, local in momentum space, is explicitly given
by

D(k2) =
[
k2 − θ2u2

k2 + m2

]−1

= k2 + m2

k4 + k2(m2 − θ2)
. (7)

Now one can easily see that for the fine tunning choice m = +θ , one obtains after
straightforwardly calculations [4], the expected confining Cornell form [5] for the binding
energy

Ebind(R) =
(

− e2

4πR

)
+ ((4πe2m2)R) (8)

it is worth that for m 	= θ , or θ = iθ (θ ∈ R), to call the reader attention that the binding
energy is of the Yukawa form and thus leading to a screening picture for the inter-electronic
potential for compact QED in R4. All this mean that some sort of “lethal” instability with
the usual wisdom of confining in compact QED may be hidding in the previous studies in
the subject [1, 3].

At this point, let us comment and compare ours results with the attempts done in [3]
through Hamiltonian methods.

We feel that these works may be not well-defined by the somewhat cumbersome use
of cut-offs (otherwise infinite) ordinary integrals. For instance, in [5], it has been obtained
the following expression for the binding energy (see (17)–(29) of [3] where R = (�y − �y ′),
M2 = m2 + e2 in the refs author’s notation):

Ebind(R) = V
(1)

(R) + V
(2)

(R) (9)

with

V
(1)

(R) = −e2

2

∫
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∫ �y′

�y
dz′

iδ
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(
1

∇2
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x

)(∫ �y′

�y
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)

= (e2e−MR)/4πR (10)

and

V (2)(R) = +e2m2

2

∫
d3x
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dz′

iδ
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(
1

∇2
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)∫ �y′

�y
dziδ(3)(x − z)

= − e2

4π

(
e−MR/R

) + e2M

8π
R	n

(
1 − ε3

M2

)
(11)

where ε is a cutt-off to be imposed in order to make sense for their divergent ordinary
integrals. However, it appears that this process of handling distributions has drawbacks,
since one can easily use the screening result (10) to evaluate (11) through the use of the
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simple operatorial decomposition

V (2)(R) = e2m2

2
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[
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+ 1
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1
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×
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= −e2M2

2M2

(
1

R

)
+ e2m2

2M2

(
e−MR

4πR

)
(12)

which clearly is finite and differs from the their claimed cut-off implicit confining result.
At this point let us suggest that the use of Hamiltonian formalism to handle mathemati-
cally gauge theories, specially Yang-Mills theory and its variants is somewhat difficulted by
the fact that one must fix the gauge and this makes recourse for formal BRST realizations
of Gauge Invariance in the observables evaluation in order to make the results physically
acceptable. Certainly such somewhat formal technique making use of “infinitesimal” grass-
manian parameters in a theory with solely physical bosoms fields as imputs must be applied
very carefully outside the well-founded evaluations of matrix (on-sheel) scattering ampli-
tudes which does not exist in pure Yang-Mills theory due to severe infrared divergencies.
That was the main reason of reformulating all the gauge theories by means of gauge invariant
path integrals and mainly with the objective that in the confining phase all the evaluations
should be done non-perturbativelly (see appendix for supplementary comments).

Appendix: The Dynamics of the QCD(SU(∞)) Tensor Fields From Strings

In this appendix we intend to high-light on some ideas and loop space formulae about non-
space time supersymmetric random surfaces representations for bosonic QCD(SU(Nc)) (in-
cluding the t’Hooft plannar diagrams limit of Nc → ∞).

Alexandre M. Polyakov in the article [6], has argued that one possible random surface
path integral representation for Wilson Loops in bosonic QCD(SU(Nc)) shall be given by
our discovery that mathematical bosonic strings interacting with A Migdal intrinsic fermi-
onic Strings degree of freedom in the SU(3)×SU(2)×U(3) fundamental representation (in
an non-abelian bosonized form) and interacting with a rank-two antisymmetric tensor field
through the closed string world-sheet orientation tangent tensor namely [6–12].

W [C] =
〈 ∑
Si ∂s=	

∑
{g}

{
exp

[
−

∫
d2ξζμν(Xβ(ξ)).Tr(g−1Bμν(X(ξ)g)

]

× exp[−(σ—model action for g with

Wess-Zomino-Novikov Topological Term)]
}〉

B

. (A.1)
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The author of the second set of [7–12] present arguments that the average over the
Bμν(x), probably representing the non-trivial random flux structure of the QCD-vaccum
should be defined by a pure white-noise set of random fluxes. In the path integral language
[6, 13], the B-average should defined by the functional measure:

〈〉B =
∫

DF [Bμν(x)] exp

{
− 1

4(g∞)2

∫
d4xB2

μν(x)

}
(A.2)

where g2∞ = limNi→∞(g2Nc) < ∞ denotes the Nc = +∞ t’Hooft QCD coupling constant.
It is very important to remark now that (A.1) with the White-Noise random flux aver-

age (A.2), satisfies the QCD loop wave equation exactly under the geometrical hypothesis
that the bosonic surfaces (string would-sheets) defining the QCD string should satisfies the
self-intersecting orthogonality tangent plane constraints (ξ = (s, σ )),Xμ(s,0+) = 	u(s))

ζμν(X
β(s, σ ))ζμν(Xβ(s ′, σ ′)) = 0 if s 	= s ′,

ζ μν(Xβ(s, σ ))ζμν(X
β(s ′, σ ′)) 	= 0 if s = s ′.

(A.3)

Note that the second constraint in (A.3) means that one allows non-trivial topology in
the intrinsic (mathematical) string time-direction evolution 0 ≤ σ < ∞. However, the first
geometrical constraint may be connected (not proved yet) to the fact that the bosonic loops
Xμ(s, σ̄ ) (with σ̄ fixed) should physically corresponding to R4 space-time euclidean quark-
antiquark trajectories on the fermionic quark functional determinant in the presence of an
abelian color singlet vectorial source, for instance:

	g det(	 ∂(Aμ) + Jμ) = −1

2

∫ ∞

0

d�

T

{∫
d4zβ

∫
Xβ(0)=Xβ(T )=zβ

DF [X(s)]

× exp

(
−1

2

∫ T

0
ds · X2(s)

)
× exp

(
ie

∫ T

0
ds Jμ(X(s))

)

× Tr

[
PSpin

(
exp

g2

4i

∫ T

0
ds[γ μ, γ ν]

[
δ

δσμν(X(s))

])]

× 1

Nc

Trcolor P

([
exp ig

∫ T

0
Aμ(X(s))dXμ(s)

)]}
(A.4)

with δ

δσμν (xβ )
denoting the formal Mandelstam-Migdal area functional derivative δ

δσμν (Xβ (s))
=

δ

δ[(ẊμXν−ẊνXμ)(s)] and satisfying thus the Pauli Exclusion principle which by its turn translates

geometrically by the condition that at non-trivial proper-time trajectories self-intersections

Xμ(s) = Xμ(s ′) (0 < s, s ′ < T ), we have always that dXμ(s)

ds
· dXμ(s′)

ds′ ≡ 0. This important
Pauli Exclusion random surfaces probably signals that strings representations for scalar
quark QCD is ill-defined in relation to strings representations for fermionic quark QCD as
proposed in [7–16].

At this point one may expect that in the very low energy scale of QCD, one can integrate
out all the strings degrees of freedom and arrives at the somewhat crude however local
effective rank-two antisymmetric tensor field simplest action (1), but added with Abelian
Wilson Loop as a sort of remnants of the full non-Abelian colour Wilson Loop phase factor.
Note that the closed loops are already under a fixed proper-time parametrization, as one can
see from the loop space expression for (A.4).
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As an important point to be singlet out is that the Loop Space/String program for QCD
seems much better defined if one introduces supersymetry on the quark-antiquark world
lines and string (spinning) world sheets to handle directly the Lorentz spin content of the
quarks, instead of the obligatory operational loop Feynman Lorentz spin factor inside (A.4)
with the operational expression:

�Spin[	] = PDirac

{
exp

(
−g2∞

2

∮
C

ds[γ μ, γ ν] ×
[

δ

δζμν(Xβ(s, σ ))

]
σ→0+

)}
(A.5)

equivalently written by the introduction of a new set of intrinsic neutral Fermion fields in the
string world sheet: {ψμ(ξ)}μ=0,1,2,3 and representing the “String Lorentz Spin”. Namely:

�
Spin
αβ [	] =

∫
[DF ψ

μ

(ξ)] × exp

[
−1

2

∫
d2ξ(ψμ(iγ )ψμ)(ξ)

]
(ψα(0,0)ψβ(T ,0)

× exp

(
−g2∞

2

∫
d2ξ(ψα[γ μ, γ ν]αβψβ)(ξ)

× Tr

[
g−1(ξ)

δ

δζμν(Xβ(ξ))
g(ξ)

])
. (A.6)

It is hoped that some sort of solitons/Lorentz Spin Vertexs in the QCD Spinning, flavor
charged string theory (A.1)–(A.5) should be candidates to describe the Baryons Physics,
basic issue not yet handled in the loop space framework and others holographic proposals
for strings representations in supersymmetric Yang-Mills theory.

References

1. Polyakov, A.M.: Gauge Field and Strings. Harwood Academic, Reading (1987)
2. Polyakov, A.M.: Part. Phys. B 486, 23 (1997)
3. Gaete, P., Wotzasik, C.: Phys. Lett. B 601, 108 (2004)
4. Botelho, L.C.L.: Phys. Rev. 700, 045010 (1004)
5. Eichten, E., Gottfried, K., Kinoshita, T., Lane, K.O., Yau, T.M.: Phys. Rev. 170, 3050 (1978)
6. Polyakov, A.M.: String theory and quark confinement. hep-th/971100201 (1997)
7. Botelho, L.C.L.: CBPF-NF-051/85. Pre-Print (1985)
8. Botelho, L.C.L.: CBPF-NF-034/86. Pre-Print (1986)
9. Botelho, L.C.L.: CBPF-NF-045/86. Pre-Print (1986)

10. Botelho, L.C.L.: J. Braz. Phys. 21(4) (1991)
11. Botelho, L.C.L.: J. Braz. Phys. 19(3) (1989)
12. Botelho, L.C.L.: Caltech preprint 68–1444 (1987)
13. Botelho, L.C.L.: J. Math. Phys. 30(9), 2160 (1989)
14. Polyakov, A.M.: Nucl. Phys. B 486, 28 (1997)
15. Botelho, L.C.L.: Phys. Lett. B 152, 358 (1985)
16. Botelho, L.C.L.: Phys. Lett. B 169, 428 (1986)

http://arxiv.org/abs/hep-th/971100201

	The Electric Charge Confining in Polyakov's Compact QED in R4
	Abstract
	Introduction
	Appendix: The Dynamics of the QCD(SU()) Tensor Fields From Strings
	References



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 15
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e55464e1a65876863768467e5770b548c62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc666e901a554652d965874ef6768467e5770b548c52175370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA (Utilizzare queste impostazioni per creare documenti Adobe PDF adatti per visualizzare e stampare documenti aziendali in modo affidabile. I documenti PDF creati possono essere aperti con Acrobat e Adobe Reader 5.0 e versioni successive.)
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020be44c988b2c8c2a40020bb38c11cb97c0020c548c815c801c73cb85c0020bcf4ace00020c778c1c4d558b2940020b3700020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken waarmee zakelijke documenten betrouwbaar kunnen worden weergegeven en afgedrukt. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [595.276 841.890]
>> setpagedevice


